Collusion and Artificial Intelligence:
A computational experiment with sequential pricing

algorithms under stochastic costs

Gonzalo Ballestero*

August 2021

Abstract

Firms increasingly delegate their strategic decisions to algorithms. A potential con-
cern is that algorithms may undermine competition by leading to pricing outcomes
that are collusive, even without having been designed to do so. This paper investigates
whether Q-learning algorithms can learn to collude in a setting with sequential price
competition and fluctuating marginal costs adapted from Maskin and Tirole (1988)
and Eckert (2004). By extending a previous model developed in Klein (2021), I find
that sequential Q-learning algorithms converge to supracompetitive outcomes despite
they operate in a complex environment with structural uncertainty. Finally it is shown

that these findings are robust to various extensions.
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1 Introduction

In the modern economy there is a widespread use of algorithms to set prices particularly
on online platforms such as Amazon and eBay (Chen et al., 2016). However, the use of
algorithms entails potential challenges and risks to competition. A potential concern is that
algorithms may lead to pricing outcomes that are collusive even without having been de-
signed to do so and even without explicit communication. This concern raises the question
about what competition authorities can do to deal with such undesirable situations. In a
recent paper, Harrington (2018) proposes an experimental test in order to determine whether
an algorithm can be used by firms or it should be legally prohibited. It consists of design-
ing an artificial marketplace and let pricing algorithms interact repeatedly under controlled
conditions. Then the outcomes are evaluated. If supracompetitive prices emerge in this
experimental setting, then these algorithms may be prohibited because there are reasons to
believe that they could reduce competition and harm consumers.

A recent article by Calvano et al. (2020) considers an infinitely repeated Bertrand game
where firms use Q-learning algorithms to set their prices simultaneously, and they find that
algorithms can lead to collusive strategies. Similarly, Klein (2021) considers a setting adapted
from Maskin and Tirole (1988) where pricing algorithms update their prices sequentially in
a deterministic environment and he also finds that sequential Q-learning algorithms indeed
often coordinate on collusive equilibria. Furthermore, the author shows that the algorithms
can converge to a focal price above the competitive level or to an stable Edgeworth price
cycling pattern.

Despite these insigths, the model presumes an unchanging market environment. Never-
theless, it is well-known that real markets are constantly subject to unexpected exogenous
shocks such as shifts in cost or demand and, as a consequence, there is considerable un-
certainty. Since one of the factors that hinders collusion is cost uncertainty, it is not clear
whether sequential Q-learning algorithms are capable to learn collusive strategies in such

complex environment. To answer this question, a computational experiment is conducted in



this paper by extending the model of Klein (2021) and allowing fluctuating marginal cost. In
this way, this article contributes to the recent literature of algorithmic pricing by addressing
how different factors influence the algorithm performance. Also, this paper is closest to that
of Calvano et al. (2021). These authors show how Q-learning algorithms can learn to collude
in an environment in which the algorithms choose a quantity to produce under demand un-
certainty and imperfect monitoring adapted from Green and Porter (1984). Their findings
indicate that imperfect monitoring is not an obstacle to autonomous algorithmic collusion.
My main result is that Q-learning algorithms converge to supracompetitive outcomes despite
they operate in a complex environment with structural uncertainty. Hence, uncertainty it is
not a factor that prevents algorithms to collude. This extends the results in Klein (2021) to
cases where marginal costs fluctuates. In comparison with their results, I find that algorithms
only converges to an Edgeworth price cycling pattern when they operate under uncertainty.
It is shown that these pricing pattern push average prices above their competitive level and,
as a result, it leads to supracompetitive profits.

The rest of the paper is organized as follows. The next section describes the economic en-
vironment where the algorithms operate. Section 3 defines the algorithms and the baseline
calibration. Section 4 discusses the results for two main cases. The first one refers to a
deterministic scenario in which the marginal cost remains constant over time. In the second
one the algorithms compete under uncertainty and the outcomes are analyzed for different
calibrations. Section 5 provides several robustness analysis. Finally, section 6 concludes with

a brief discussion of the limitations of the analysis and future research areas.

2 Economic Environment

Following Maskin and Tirole (1988) and Eckert (2004), I consider an alternating-move
duopoly model with stochastic marginal costs. There are two firms, indexed by i = 1,2,

and competition between them takes place in infinitely repeated discrete time indexed by



t € {0,1,2,...}. Firm 1 chooses a price in every odd period and firm 2 sets its price in

even periods. This timing reflects commitments to price for two periods. The price space is

1 2

discrete and it is given by P = {0, 1, #,...,1} where k is a parameter to be defined. Each

firm aims to maximize its cumulative stream of discounted future profits

maxz 8" mit(pit, Djt, Ct) (1)

t=0

where 0 € (0, 1) is the discount factor. It is assumed that there are no fixed costs or capacity

constraints, therefore the profit of firm ¢ at time ¢ can be written as

Tit(Dit, Djt, ¢¢) = (Pie — ¢) Di(pie, pji) (2)

where D; is the demand function which is defined as follows

(

I —pa it pie < pje

Di(pit, pjt) = % (1 —pie) if pu =Dy )

0 it pie > pje

\

Marginal cost in any period can be either high (cy) with probability p € (0,1) or low (cp)
with probability 1 — p. The shocks are purely idiosyncratic and have no persistency over
time. The absence of auto-correlation among the shocks implies that there is significant
uncertainty. Define p§ and p§, as the competitive prices and p}* and p}; as the monopoly
prices under low and high marginal costs, respectively. I assume that each firm observes the
current marginal cost and the competitor’s past price before setting its price. Finally, firms
delegate their strategic decisions to pricing algorithms. Following Calvano et al. (2020, 2021)
and Klein (2021), I investigate the collusion capacity of Q-Learning algorithms because they

are simple and their parameters have a clear economic interpretation. Also maintaining the



focus on the same type of algorithms helps to compare the results and identify the specific
effects of fluctuating marginal cost. The next section provides a brief description of the

Q-learning algorithms used in this paper.

3 Sequential Q-Learning

Q-Learning is a reinforcement learning algorithm that aims to to maximize the expected
discounted value of future rewards for unknown environments with repeated interaction.
The algorithm only learns trough experience, associating states and actions with the payoff
they generate. Specifically, an agent tries an action at a particular state, and evaluates its
consequences in terms of the immediate reward or penalty it receives and its estimate of the
value of the state to which it is taken. By trying all actions in all states repeatedly, it learns
which are best overall, judged by long-term discounted reward (Watkins and Dayan, 1992).
In this way, it may learn an optimal strategy. Formally, the objective of the algorithm i is

to maximize

max Vi(s;) =E

{pit} 2o

Z 8t (pi, St)] s.t St1 = 9(Pit, 5t)
=0 (4)

So given

In each period the algorithm observes a state variable s, € S and then chooses an action
pi € P. Given the state and the action chosen, the algorithm gets an immediate reward
m; that depends on the algorithm’s own action p; and on the state s;. It is assumed that
the reward function 7; is bounded. The future state is determined by the function g which
is the state transition function. Under the one-period memory assumption the state s; is
a pair (pji—1,¢). A finite memory is necessary for the state space to be finite, given that

the action space is finite as well. The solution of (4) is given by the optimal policy function



hi S — P, which is defined as follows

B (s0) = argmax V;*(s,) (5)

pit

where V,* is the value function and gives the discounted cumulative reward obtained by
following the optimal policy beginning at state s;. Equation (5) suggests that to compute
the optimal policy function it is necessary to calculate the value function. To do so, we can

start rewriting the sequential problem (4) as a recursive problem by using the Bellman’s

principle of optimality

‘/Z'*(St) = H;QX [Wi(Pm St) + (57Ti(pit, 3t+1) + 52‘/;* (3t+1)} (6)

Assuming that the agent has perfect knowledge of the immediate reward function m; and
the state transition function g, it can use the value iteration method to solve the recursive
problem and, as a result, can learn the optimal policy function (Stokey et al., 1989). However,
the assumption that the algorithms or its human programmer can predict in advance the
exact outcome of setting a certain price in a particular state it is no longer plausible. In cases
where either m; or ¢ is unknown, we can not rely on the value iteration method. Instead of
using the value iteration method, our algorithms use another method called Q-learning®.

For our purposes, lets define the function Q;(p;, s;) which gives the maximum discounted
cumulative reward that can be achieved starting from state s; and applying the action py
as the first action. In other words, the value of @); is the reward received immediately upon

executing action p; from state s;, plus the value of following the optimal policy thereafter:

Qi(pit, $t) = mi(Dit, 5¢) + 0Ti(Dit Se41) + 07V (8441) (7)

1For a textbook treatment on Q-learning, see Sutton and Barto (2018)




By taking the maximum of both sides and using equation (6) yields

max Q;(pit, 5¢) = Vi*(5¢) (8)

Ppit

Therefore, we can rewrite the equation (5) in terms of @ as

hi (s1) = argmax Q;(pit, St) (9)

DPit

It shows that if the agent learns the (); function instead of the V;* function, it will be able to
select optimal actions even when it has no knowledge of the functions m; and g. As equation
(9) makes clear, the algorithm need only consider each available action p;; in its current state
s; and choose the action that maximizes Q;(py, s;). Hence, if the agent knew the Q-matrix,

it could then easily calculate the optimal action for any given state.

Learning. Note that equation (8) allows rewriting equation (7) as

Qi(st) = mi(pit, S¢) + 0mi(Pit, St41) + 6% max Qi (Dit+1, St+1) (10)

Pit+1

This recursive definition of ); provides the basis for estimating the Q-matrix by an iterative
approximation procedure. Starting from an arbitrary initial matrix )y, after choosing action
pi¢ in state s;, the algorithm observes m; and s, and updates the corresponding cell of the

matrix Q;(pi, s¢) according to the following equation:

Qit+1(pit, st) = (1 — @) Qit(pit, $t) + @ | Ti(pit, 8¢) + 073 (Pity Se41) + 0% max Qi (Pirr1, Se41) | (11)

Pit+1

where o € (0,1) is a learning parameter that regulates how quickly new information replaces
old information. The new estimate of the optimal long-run value given state s; consists of
three components: direct profit m;(py, $¢), next period profit m;(py, S¢+1) when new state s;41

realizes but the price has not changed (discounted for one period), and the highest possible



Q-value maxy,,, | Qit(Pitt1, St41) in this new state s,y (discounted for two periods). This
enables an itaratively approximation in which initially the Q-values are imprecise, but over
time, they become better estimates of the long-run consequences of choosing p;; in state s;.
Indeed, Watkins and Dayan (1992) proved that in a single-agent setting Q-learning converges
to the optimal strategy under certain mild conditions. However, in a multi-agent setting,
when two or more algorithms interact repeteadly with each other, there is no theoretical

result that guarantees ex-ante that the agents will learn an optimal policy.

The action selection. I use a procedure called e-greedy exploration: with probability &,
it chooses a price randomly at period ¢ and with probability 1 — &; it chooses the currently

optimal action (i.e., the one with the highest Q-value in the relevant state)

p~ U(P) with probability &,
Pit = (12)
argmax Q;(pi,s;) with probability 1 — ¢
pi

where U(P) is a discrete uniform distribution over the action set P and the exploration rate
is defined as g, = (1 — )" with 6 > 0. This implies that initially the algorithm chooses an
action randomly, but then it selects the greedy choice as time increases. In case of ties the
algorithm randomizes over all currently optimal actions. During the exploration phase, the
algorithm explores the state-action space in order to discover the payoffs associated with a
certain action in a given state. A pseudocode of the algorithm used in the simulations is

provided below.

3.1 Baseline specification

In the baseline specification of the model T set £k = 12 price intervals between 0 and 1.
As in Klein (2021), an experiment consists of 7' = 500,000 periods. In order to facilitate
comparisons, I use the same learning and experimentation parameters. Thus a = 0.3 to

ensure that learning process is not too slow (« close to 0) nor the algorithm does not forget too
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Algorithm 1: Pseudocode Sequential Q-Learning

Data

Set demand and learning parameters

Initialization

Initialize @); according to Q;(p;,s) = 0 for all (p;, s)

Initialize (pit, pjr) and ¢ for ¢t = 1,2

Initialize 1 =1, j =2 and t = 3

Loop over each period
Compute (7;_9, m—1) according to equation (2)
Update Q;(pit—2, St—2) according to equation (11).
Set ¢; = ¢y with probability p or ¢; = ¢ with probability 1 — p
Set p; according to equation (12) and set pj; = pji—1
Updatet =t +1
Update t = j and j =1

Untilt =T

rapidly what it has learned in the past (« too close to 1). Additionally, I set § = 2.75 x 107>
which implies that the probability of exploration gradually decreases from 100% at the
beginning to 0.1% halfway through the run, reaching 0.0001% at the end (so 957 = 0.001
and 7 = 0.000001). The discount factor § is 0.95. As for the initial matrix @, the baseline
choice is to initiate the Q-values with all zeros. This can be interpreted as the algorithm
does not know the quality of their actions for any state at the beginning. Each experiment
is run under the same set of parameters and the initial state sy is drawn randomly at the

beginning of each experiment. To reduce the stochastic noise, I run .S = 300 simulations.

4 Computational Results

The following subsections provides an analysis of the simulation results for two cases, the
deterministic cost benchmark, where the marginal cost remains constant over time (e.g.,

= 0), and the stochastic cost scenario, where marginal cost in any period can be either
high (cp) with probability p € (0,1) or low (cz) with probability 1 — p. This exercise aims to
show that sequential Q-learning algorithms lead to supracompetitive outcomes even if they

operate in a complex environment with structural uncertainty. Furthermore, by comparing



the outcomes of both cases it is possible to identify the specific effects of fluctuating marginal
cost. I analyzed the outcomes for the final 1.000 periods. This is because the algorithms
attain a stable behavior during the last periods, provided that the experimentation rate &,
is decreasing over time. Consequently, by considering the last 1.000 periods it is possible to

study the strategies that algorithms have learned.

4.1 Sequential pricing algorithms under deterministic cost

In this subsection I analyze the outcomes for the baseline parametrization described in
Section 3.1 when the marginal cost remains constant over time, ¢, = c for allt =1,2,...,T.
This analysis is perform for five different values ¢ € {0,0.15,0.3,0.45,0.6}. These magnitudes
were deliberately chosen in order to ensure that the monopoly price increases as the marginal
cost varies and all of them are in the action space. The results of the deterministic benchmark

are similar to Klein (2021).

4.1.1 Prices and profits

Table 1 summarizes pricing outcomes during the last 1.000 periods. This table shows the
types of behavior the algorithms learn. The algorithms converge to a single, stable fixed
price in a fraction of the experiments whereas in the rest of them the algorithms converge
to a non-fixed price. This replicates the results in Klein (2021) and are also supported by
the experimental evidence as documented by Leufkens and Peeters (2011). Naturally, it is
observed that as the marginal cost increases, the algorithms tend to converge to a fixed price
more frequently. I argue that this is because a higher marginal cost implies that some prices
are no longer profitable and, as a consequence, it is easier to coordinate to a single price.
In the limit, if there were only one profitable price, then the algorithms would learn to play
that price. Additionally, this table provides quantiles of the market price charged by the
algorithms. Regarding to those runs that converge to a single fixed price, I find that the

median market price is above the competitive level although is below the monopoly price.



Furthermore, it is worth to notice that as the marginal cost increases, the median market
price tends to increase as well. On the other hand, when the algorithms converge to non-fixed
price, it is shown that the price in the 5th percentile is above the competitive level and the
price in the 95th percentile is at most two step further away from the monopoly price. This

implies that algorithms charge supracompetitive prices.

Runs with fixed price Runs with non-fixed price
c p° p™ | N 5th 25th 50th 75th 95th | N 5th  25th 50th 75th 95th
0 0 0.50 |56 033 033 042 05 0.58 | 244 0.08 0.25 0.33 0.50 0.58
0.15> 0.17 058 |68 042 0.42 050 0.58 0.67 | 232 0.25 0.33 0.42 0.58 0.67
0.30 0.33 0.67 |82 0.50 0.58 0.58 0.67 0.67 | 218 0.33 0.42 0.50 0.67 0.75
0.45 0.50 0.75 ] 145 0.58 0.67 0.67 0.67 0.75 | 155 0.50 0.50 0.58 0.75 0.83
0.60 0.67 0.83]225 0.67 0.67 075 0.75 0.75 |75 0.67 0.67 0.75 0.83 0.83

Table 1: Price market outcomes for the final 1.000 periods. The 5th percentile, the 25th
percentile, the 50th percentile, the 75th percentile, the 95th percentile of the market prices
are reported. Results are in case of k = 12 price intervals, learning parameter @ = 0.3,
discount factor 6 = 0.95, T' = 500, 000 periods and .S = 300 simulations

The upper panel of the Figure 1 illustrates the histogram of the market price charged during
the last 1.000 periods for those experiments that converge to a fixed price. The lower
panel shows the distribution of changes in market price for all other simulations which
have converged to a non-fixed price. Across specifications, there is a clear pattern: price
decreases occur much more often but are smaller in magnitude than price increases. In other
words, the algorithms generate an stylized fact which claims that prices rise like rockets
but fall like feathers. Figure 2 illustrates this behaviour for a representative non-fixed price
simulation. Particularly, it shows that algorithms generate a pattern that resemble to an
Edgeworth Cycle, where algorithms successive undercuts its competitor and after they reach

the competitive price, they return to a price level that is above the monopoly price.

Since in some experiments the algorithms converge to a supracompetitive fixed price and in
the rest of them the algorithms converge to a price cycle that is reset after reaching the com-
petitive level, these pricing dynamics suggest profits that are on average supracompetitive.

To explore this hypothesis, following Klein (2021) I compute the average profit for the final
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Distribution of Market Price (Fixed-Price Runs)
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0.6 c=0.00 0.6 c=0.15 06 c=10.30 0.8 c=045 08 c=0.60
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Distribution of Changes in Market Price (Non-Fixed Price Runs)
0.6 0.6 0.6 0.6 0.6
0.4 0.4 0.4 0.4 0.4
0.2 0.2 0.2 0.2 0.2
0 0 0 0 0
1 0 1 1 0 1 i 0 1 1 0 1 1 0 1

Figure 1: Histogram of the market prices and changes in market prices for the last 1.000
periods. The upper panel shows the distribution for those simulations that have converged
to a fixed price and the lower panel shows the distribution of changes in market price for
those runs that have converged to a non-fixed price. Results are in case of £ = 12 price
intervals, learning parameter @ = 0.3, discount factor 6 = 0.95, T" = 500, 000 periods and
S = 300 simulations

c=0.00 c=0.15 c¢=0.30

® Fim1 ® Fim2
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Period t Period ¢t Period ¢
c=045 c=0.60
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p C
p
pC
Period t Period ¢

Figure 2: Edgeworth Cycles. This figure illustrates the prices charged by the algorithms
and the marginal cost during the final 20 periods of a representative experiment that have
converged to a non-fixed price. Results are in case of £k = 12 price intervals, learning
parameter o = 0.3, discount factor 6 = 0.95, T = 500, 000 periods and S = 300 simulations
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1.000 periods for each experiment, which is defined as follows

T
1
Hizm Z 7i(Pits Djt, Ct) (13)

t=T'—-1000

Figure 3 shows that algorithms converge to supracompetitive profits. In some experiments
the algorithms converge to the joint-profit maximizing level 7, but in some cases they
converge to an average profit that is below this level. In all cases the profits are above the

competitive level and this finding is robust for all magnitudes of the marginal cost.

¢ =0.00 c¢=0.15 c=0.30
30 30
i~ 25 25
20 20
"
15 15
o
10 10
5 . » 5
™ 0 0
- o - = - o

c=0.45 c=0.60

30
25
20
15
o 10
e 5 7[7:
" 0

Figure 3: Distribution of profits. Results are in case of £ = 12 price intervals, learning
parameter o = 0.3, discount factor 6 = 0.95, T' = 500, 000 periods and .S = 300 simulations

4.1.2 Punishment strategies

Besides the algorithms obtain on average supracompetitive profits, to assure the existence
of algorithmic collusion it is necessary to determine if they learn strategies that embody a
reward-punishment scheme to sustain such supracompetitive outcome. Therefore, following
the approach used in Calvano et al. (2020) and Klein (2021), I analyze whether the algorithms
have learned to punish deviations only for those simulations in which the algorithms have

converged to a fixed price above the competitive level. Starting from the average fixed price

12



that the algorithms have converged to, I exogenously force one algorithm to deviate in one
period by slightly undercutting its competitor. The other algorithm instead continues to play
according to his learned strategy. By doing this, I observe the reaction of the algorithms
in the subsequent periods when the forced cheater reverts to his learned strategy as well.
Figure 4 shows that deviations are punished since it is observed that the one-period deviation
is followed by a price war. However, the algorithms gradually return to their predeviation
behavior after 5-7 periods and this pattern is robust across specifications.

c=0.00 c=0.15 c=0.30

|
| ® Deviating agent
| ® Nondeviating agent

Figure 4: Deviations and Punishments. One algorithm is forced to deviate in period
7 = 0. The deviation lasts for one period only. The figure plots the average prices for those
simulations in which the algorithms have converge to a fixed price. Results are in case of
k = 12 price intervals, learning parameter o« = 0.3, discount factor 6 = 0.95, T" = 500, 000
periods and S = 300 simulations

4.2 Sequential pricing algorithms under stochastic cost

In this subsection I analyze the outcomes for the baseline parametrization described in
Section 3.1 when the marginal cost ¢; fluctuates over time and it can takes two values,
¢; = ¢, with probability 1 — p or ¢; = ¢y with probability p for all t = 1,2, ..., T. The shocks
are purely idiosyncratic and have no persistency. The absence of auto-correlation among the

shocks implies that the algorithms face considerable uncertainty. Low marginal cost is set to
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cr, = 0 and the high marginal cost varies according to particular specifications as well as the
probability of the shock. T consider cy € {0.15,0.3,0.45,0.6} and p € {0.1,0.2,0.3,0.4,0.5}
so there are 20 specifications to be evaluated. As it is shown below, sequential Q-Learning

algorithms leads to collusive outcomes even when they operate under significant uncertainty.

4.2.1 Prices and profits

I find that when the marginal cost fluctuates over time, the algorithms never converge to
a constant price. Figure 5 illustrates this behaviour for a particular simulation. As in the
deterministic benchmark, the pricing path follows a pattern similar to an Edgeworth Cycle

that is reset after reaching the competitive price level. Table 2 summarizes average market

cyg =0.15 cyg =0.15 cyg =0.15 cyg =0.15 cyg =0.15
1 =01 1 =02 1 =03 1 p=04 " =05
1) A ——— — 0 — NN 0 0V N AN 0
cy = 0.30 cyg = 0.30 cy = 0.30 cy = 0.30 cy = 0.30
. =01 . =02 . =03 . p=04 . =05
g o LAY AN JdWNV_ANY NV AN
[:: cg = 0.45 cy =0.45 cy =0.45 cyg =0.45 cy =0.45
1 =01 1 =02 1 =03 1 p=04 1 =05
o AT A OANIANY]  IVWANAT JVVTVYW
c = 0.60 cy = 0.60 c = 0.60 c = 0.60 cy = 0.60
1 =01 1 =02 1 =03 1 p=04 1 =05
0 0 0 0 0
Period ¢

Figure 5: Edgeworth Cycles. This figure illustrates the prices charged by the algorithms and
the fluctuating marginal cost during the final 20 periods of a particular simulation. Results
are in case of k = 12 price intervals, low marginal cost ¢;, = 0, learning parameter o = 0.3,
discount factor 6 = 0.95, T" = 500, 000 periods and S = 300 simulations

price and this outcome is compared with the theoretical weighted average competitive price,

p¢, and the theoretical weighted average monopoly price, p*, which are defined as

p = (1~-p)pi+p 0oy z=c,m (14)
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It is shown that the average market price charged by the algorithms lies between p°¢ and
p™ for all parametrizations. Hence the Edgeworth Cycle pricing pattern pushes the average
price above its competitive level. Furthermore, for a given probability p, the average market
price increases as the size of the high marginal cost increases. Additionally, the same finding
is observed when the high marginal cost ¢y remains constant and the probability of the shock
increases. All these observations suggest that when the algorithms face higher uncertainty,

they adjust their prices in the sense that it would be expected theoretically.

Probability p
0.1 0.2 0.3 0.4 0.5
cn Py Py P Py | P° D o P Pt P A P [ P "
0.15 0 0.17 0.5 0.58]0.02 0.37 0.51{0.03 0.37 0.52|0.05 0.38 0.52|0.07 0.39 0.53 | 0.08 0.40 0.54
03 0 033 0.5 067]0.03 039 0.52]|0.07 040 0.53|0.10 0.40 0.55|0.13 0.42 0.57 | 0.17 0.44 0.59
045 0 050 0.5 0.75]0.05 0.42 0.53|0.10 044 0.55|0.15 0.45 0.58|0.20 0.47 0.60 | 0.25 0.50 0.63
06 0 0.67 0.5 083]0.07 045 0.53|0.13 049 0.57|0.20 0.52 0.60 | 0.27 0.55 0.63 | 0.33 0.59 0.67

Table 2: Average market price for the final 1.000 periods, p. The table also reports the
theoretical weighted average competitive price, p¢, and the theoretical weighted average
monopoly price, p™. Results are in case of k = 12, low marginal cost ¢, = 0, T = 500, 000
periods, learning parameter o = 0.3 and discount factor 6 = 0.95

Figure 6 illustrates the histogram of the market price charged during the last 1.000 periods
for all the experiments. Complementing the results reported in Table 2, this figure shows that
the distribution shifts to the right as the high marginal cost increases. Figure 7 shows that
algorithms converge to supracompetitive profits on average. To facilitate interpretations, the
figure also reports the theoretical weighted average competitive profit, 7¢, and the theoretical
weighted average monopoly profit, 7", which are defined as

T =(0=p) T +pTy

z=c,m

(15)

It is seen that when the high marginal cost or the probability of the shock increases, the
coordination is even better. The intuition behind that is twofold. On one hand, as it was
mentioned above, if the high marginal cost increases, there are less profitable prices. On
the other hand, as the probability shock is higher, the algorithms tend to visit all the states

more frequently which enables them to achieve a better learning. Both observation explain
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Figure 6: Histogram of the market prices for the last 1.000 periods. Results are in case of
k = 12 price intervals, low marginal cost ¢;, = 0, learning parameter a = 0.3, discount factor
0 = 0.95, T = 500,000 periods and S = 300 simulations

why the distribution of average profits presents less variability as we move to the southeast.

Table 3 summarizes the aggregate average profits and it shows that they are closed to the

Firm 2

Figure 7: Distribution of profits. Results are in case of k = 12 price intervals, low marginal
cost ¢y, = 0, learning parameter a = 0.3, discount factor 6 = 0.95, T' = 500, 000 periods and
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collusive level. This finding is robust with respect to parameter changes.

Probability p
0.1 0.2 0.3 0.4 0.5
i 7 @y ap ap | & am |a° & a" |7 & a" |7 &  a" |7° &  an
015 0 0.01 025 0.18|0 0.2 0240 019 024 |0 0.18 0.230.01 0.17 0.22]0.01 0.17 0.22
03 0 002 025 012|0 0.2 0240 0.18 0.220.01 0.17 0.21|0.01 0.16 0.2 |0.01 0.15 0.19
045 0 0.03 025 0.08|{0 0.2 0.23|0.01 0.18 022]0.01 016 0.2 |0.01 0.15 0.18|0.01 0.13 0.16
06 0 0.02 025 0.04|0 0.2 0230 0.18 0.21|0.01 0.16 0.19 |0.01 0.14 0.17|0.01 0.12 0.14

Table 3: Average aggregate profits for the final 1.000 periods, 7. The table also reports the
theoretical weighted average aggregate competitive profit, 7¢, and the theoretical weighted
average aggregate monopoly profit, 7. Results are in case of £ = 12 price intervals, low
marginal cost ¢, = 0, learning parameter o = 0.3, discount factor 6 = 0.95, T = 500, 000
periods and S = 300 simulations

4.2.2 Adaptation

As it was showed in Section 4.2.1, the algorithms trained in an uncertain environment con-
verge to price war paths that resemble to an Edgeworth Cycle. This phenomenon occurs
because algorithms successive undercut each other, which means that their behavior is non-
cooperative. But what happens if these algorithms, that were trained under uncertainty and
learn not to cooperate, are put to work in a deterministic environment? Shall we expect
that these algorithms continue to behave in a non-cooperatively way? Are they capable
to adapt their behavior and cooperate? To answer these questions I perform the following
exercise. Starting from the strategies the algorithms have converged to, I let them interact
in a deterministic environment by setting the marginal cost equal to the high state and it
remains constant over time. Table 4 summarizes the average market price for those simu-
lations that were able to converge to a single fixed price. For all calibrations, the average
market price is close to the theoretical monopoly price, which means that the algorithms
were capable to adapt their behaviour to this new environment. Then, I test what happens
if one algorithm is forced to deviate in one period by slightly undercutting its competitor
while the other continues to play according to its learned strategy. So, I perform the same
analysis mentioned in Section 4.1.2. Figure 8 shows that after the deviation the algorithms

gradually return to their predeviation behavior after 5 periods and this pattern is robust
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Probability p
0.1 0.2 0.3 0.4 0.5
ce Py Py | N P N p N p N p N p
0.15 0.17 058 |21 049 |14 049 |10 047 |15 0.46 | 21 048
0.3 033 0.67]32 059 |40 059 |42 0.57 |36 0.57 |58 0.58
0.45 0.50 0.75]28 0.68 |54 0.67 |64 0.64|59 0.65|57 0.65
0.60 0.67 0.83]35 0.79 48 0.76 |49 0.77 |44 0.75 | 50 0.74

across specifications.

Table 4: Average market price for the final 1.000 periods, p, only for those runs that have
converged to a fixed single price. Results are in case of k = 12 price intervals, low marginal
cost ¢y, = 0, learning parameter a = 0.3 and discount factor = 0.95

5 Robustness
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Figure 8: Deviations. One algorithm is forced to deviate in period 7 = 0. The deviation
lasts for one period only. The figure plots the average prices for those simulations in which
the algorithms have converge to a fixed price. Results are in case of k = 12 price intervals,
low marginal cost ¢, = 0, learning parameter o = 0.3 and discount factor o = 0.95

The above results suggest that sequential Q-learning algorithms can manage to coordinate on
supracompetitive outcomes even when they face an environment with fluctuating marginal

cost. This finding is robust accross the 20 specifications, one for each combination of ¢y and



p. In this section, I consider that the baseline parametrization of the stochastic experiment
is defined by ¢y = 0.3 and p = 0.5 and then I analyze how robust are the baseline results
to changes in the economic environment. In the following subsections, I briefly report the

main results of this robustness analysis.

5.1 Action set

I explore the consequences of enlarging the discrete price grid by setting k = 24. Table 5
shows that when the amount of pricing intervals k increases, the average aggregate profit
remains above the competitive level. It is worth noting that a higher cardinality of the action
set implies that the Q-matrix is much larger than the baseline model. Consequently, it is
more difficult that algorithms converge to supracompetitive outcomes a priori. Nonetheless,

the average aggregate profit remains constant in comparison with the results reported in

Table (3).

C C m m p— — =
T, myg WL Ty | T T i

0 002 025 0.12]0.01 0.15 0.19

C m

Table 5: Average aggregate profits for k = 24 price intervals. Results are in case of low
marginal cost ¢, = 0, high marginal cost ¢y = 0.3, probability p = 0.5, learning parameter
a = 0.3, discount factor 6 = 0.95, T" = 500, 000 periods and S = 300 simulations

5.2 Discount factor

In the baseline parametrization I have set disconunt factor § = 0.95 reasonably close to
1. In this subsection I analyze how the results change as the discount factor takes lower
values. Table 6 reports how the average aggregate profits varies with 6. According to
economic theory, lower discount factors is an obstacle to achieve collusive outcomes, and
this is confirmed by the results summarized in Table 6. It shows that as discount factor

decreases, the average aggregate profits tend to decrease as well.
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Discount factor o

0.55 | 0.65 | 0.75 | 0.85 | 0.95
m 74 op o w7 M |z T I I I
0 0.02 0.25 0.12 0.01 0.19]0.13]0.14| 0.14 | 0.14 | 0.15

Table 6: Average aggregate profits under different discount factors. Results are in case of
k = 12 price intervals, low marginal cost ¢;, = 0, high marginal cost ¢y = 0.3, probability
p = 0.5, learning parameter a = 0.3, T" = 500, 000 periods and S = 300 simulations

5.3 Learning parameter

In the baseline stochastic experiment, I have set the learning parameter o« = 0.3. Table
7 shows that the results appears to be robust under different learning rates. Additionally,
it is observed that the average aggregate profit decreases with higher values of «, since
the algorithms tend to forget more rapidly what they have learned in the past and these

experiences are highly valuable in an environment that is constantly changing.

Learning parameter o
01 |02 (03 [04 |05
Ty Ty W Ty 0T T T 0 0 0
0 002 025 012 001 0.19]0.15]0.15|0.15| 0.14 | 0.14

C ’ﬁ'M

Table 7: Average aggregate profits under different learning rates. Results are in case of
k = 12 price intervals, low marginal cost ¢, = 0, high marginal cost ¢y = 0.3, probability
p = 0.5, discount factor § = 0.95, T' = 500, 000 periods and S = 300 simulations

5.4 Higher uncertainty

In the baseline stochastic model I have assumed that marginal cost can take two values, ¢;, =
0 and cy = 0.3 with probability p = 0.5. In this subsection, I consider three equiprobable
marginal cost levels: ¢, = 0, cpy = 0.3 and ¢y = 0.6. This implies that the algorithms
face higher uncertainty. Nevertheless, Table 8 shows that the average aggregate profit gain
is supracompetitive. This robustness check confirms that uncertainty is not an obstacle for

sequential Q-learning algorithms.
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cL ¢y cg T Ty Ty o T Thy Ty | 7€ T T

0 03 06 0 0.02 001 025 0.12 0.04|0.01 0.11 0.14

Table 8: Average aggregate profits with higher uncertainty. Results are in case of £k = 12
price intervals, learning parameter o« = 0.3, discount factor 6 = 0.95, T'" = 500, 000 periods
and S = 300 simulations

5.5 Triopoly

As a final robustness check, I extend the baseline stochastic model by considering a three
firm game. In this setting, each firm can adjust its price every third period and its price is
fixed for the following two. Firm 1 adjusts its price en period ¢, firm 2 in ¢ + 1 and firm 3 in

t 4+ 2. In this setting, the learning equation (11) is rewriting as follows:

Qit+1(Pits st) = (1 — @) Qut(Dir, s¢) + a | T (pit, 51) + 073 (Dirs Se41) + 27 (Dit, Se2) + 02 glax Qit(Pit+2, Stt2) (16)
it+2

where s; = (pji—2, pu—2,¢:) with j,l € {1,2,3}, i # j and j # [. The per period profit
function is the standard formulation. The lowest priced firm serves the entire market, or if
two or more firms have the lowest price, they split the market in halves or thirds accordingly.
As equation (16) illustrates, the algorithms should care about its profits gain during three
periods when they have to choose the price. Table 9 shows that results are robust to an
increase in the number of firms. Consistently with theory, collusive outcomes are more
difficult to achieve when there are more players. The average aggregate profit is less in
comparison with the results of the baseline model. However, with three firms the average

aggregate profit gain is still above the competitive level.

C C m m p— p— P
T, Ty W Ty | T ™ 0

0 0.02 025 0.12]0.01 0.12 0.19

C m

Table 9: Average aggregate profits with three firms. Results are in case of k& = 12 price
intervals, low marginal cost ¢, = 0, high marginal cost ¢y = 0.3, probability p = 0.5,
discount factor 6 = 0.95, T' = 500, 000 periods and .S = 300 simulations
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6 Conclusion

This article presents an extension of Klein (2021) by allowing fluctuating marginal costs. It
was shown that when the sequential Q-learning algorithms face structural uncertainty, they
converge to a pricing pattern that resembles to an Edgeworth Cycle. This pricing pattern
push average prices above their competitive level and, as a result, it leads to supracompeti-
tive profits. This finding is robust with respect to parameter changes and various extensions.
Therefore, uncertainty it is not a factor that prevents sequential Q-learning algorithms to
achieve collusive outcomes. Nevertheless, this paper presents several practical limitations.
First, I assume a specific demand function that does not cover all potential markets. Simi-
larly, I assume only one pricing algorithm, but in real markets, companies may use a wider
class of algorithms. In this sense, a future area of research is to address what happens in a
market environment where heterogeneous algorithms compete against each other. Finally,
in this paper I have analyzed the outcomes generated by a repeated interaction between
algorithms, but in platforms the algorithms also interact with human beings. Thus, it is
necessary to study whether humans and machines can learn to cooperate to achieve collusive

outcomes in the setting considered in this paper.
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