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Abstract

This paper introduces a new framework for multivariate quantile re-
gression based on the multivariate distribution function, termed multivari-
ate quantile regression (MQR). In contrast to existing approaches—such
as directional quantiles, vector quantile regression, or copula-based meth-
ods—MQR defines quantiles through the conditional probability structure
of the joint conditional distribution function. The method constructs mul-
tivariate quantile curves using sequential univariate quantile regressions
derived from conditioning mechanisms, allowing for an intuitive interpre-
tation and flexible estimation of marginal effects. The paper develops
theoretical foundations of MQR, including asymptotic properties of the
estimators. Through simulation exercises, the estimator demonstrates ro-
bust performance across different dependence structures. As an empirical
application, the MQR framework is applied to the analysis of exchange
rate pass-through in Argentina from 2004 to 2024.
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1 Introduction

Multivariate distributions lack a natural or intrinsic ordering, making it consid-
erably difficult to extend the concept of quantiles and quantile regression (QR)
to multivariate frameworks. Numerous methodologies have been introduced to
adapt and broaden the definitions of quantiles and QR for use in multivariate
contexts.

A prominent approach utilizes directional quantiles, where fixing a direction
reduces the multivariate quantile problem to a univariate one. Hallin, Pain-
daveine, and Siman (2010) seminal paper analyzes the distributional and quan-
tile characteristics of multivariate response variables using the notion of direc-
tional quantiles, building on earlier work such as Chaudhuri (1996); Koltchinskii
(1997); Chakraborty (2003); Wei (2008). In this framework, distributional fea-
tures are explored by examining different directional models. This framework
has been applied in various contexts (see, e.g., Paindaveine and Siman (2011,
2012); Fraiman and Pateiro-Lépez (2012)).

Montes-Rojas (2017, 2019, 2022) propose a directional quantile model where
the orthonormal basis is fixed—that is, a set of orthogonal directions spans the
domain of the dependent variable. In this formulation, directional quantiles in
reduced form are defined as the fixed point of a system of directional quantile
equations.

A related method is the vector QR. Chernozhukov, Galichon, Hallin, and
Henry (2015) and Carlier, Chernozhukov, and Galichon (2016, 2017) develop a
linear vector QR framework that defines a quantile map as the gradient of a
convex function, yielding a monotone mapping.

An alternative approach is based on copulas. Since any multivariate distribu-
tion can be decomposed into its marginals and a dependence function (copula),
copula-based quantile models have been proposed — see, for example, Bernard
and Czado (2015). However, such models require strong distributional assump-
tions about the copula structure.

This paper distinguishes itself from the prior literature by revisiting the fun-
damental definition of a quantile, grounded in the distribution function within
multivariate settings. The distribution function of a multivariate random vari-
able inherently provides an order to evaluate conditional models. In particular,
this corresponds to the potential realization of the random variables being less
than (or equal) the given quantile. In other words, quantiles correspond to
graphs that represent the same probability of lower value realizations of the
random variables involved, offering a valuable measure to assess tail risk, het-
erogeneity, and scenario valuation.

Based on the multivariate distribution function, we define a new multivariate
quantile regression (MQR) to obtain the marginal effects of covariates. The
procedure uses the definition of conditional probability to evaluate a series of
conditional univariate QR models, from which the coefficients representing the
effects of covariates are obtained, and construct conditional multivariate quantile
curves.

Intuitively, the joint probability of any set of random variables can be ex-



pressed as the product of the marginal probability of one variable and the corre-
sponding conditional probabilities of the others using a sequence of conditioning
structures. This relationship allows us to break down complex joint distribu-
tions into simpler components, making it easier to analyze and understand their
behavior. We make use of the conditional expression by evaluating separate con-
ditional QR models.

To build intuition, consider the simple case of a bivariate model, say Y7 and
Y5, for which we want to evaluate the 7-quantile MQR model conditional on
a set of covariates X. Using the decomposition of the joint probability into
conditional and marginal probabilities, we break down a single quantile 7 =
P[Y1 < ¢f(X),Y2 < ¢3(X)|X] into 7 = o1 x 71, with 7, = P[Y] < ¢ (X)|X]
and 7; = P[Y2 < ¢5(X)|X,Y1 < ¢f(X)]. Then, define the 7-MQR given by
(¢7(X),¢5(X)) as the associated quantiles of: (i) the univariate 77 QR for Y3
on X; (ii) the 75; univariate QR coefficients of Y> on X, also conditional on
Y71 < ¢{(X). Note that, in the multivariate setting, (¢7(X), ¢3 (X)) is a graph
or curve rather than a point estimate. Thus, we are particularly interested
in the marginal effect that a change in an element k of X produces on this
graph or curve, e.g. (9¢](x)/0xk,0q5(x)/dxy), if X is continuous, or e.g.
(g7 (zr, =1, 2—k) — q](xp = 0,2_p), ¢5 (x = L, w—g) — @5 (zx = 0, 2_g)) if X is
binary.

Given this decomposition, we propose a sequential estimator for the condi-
tional effects of interest based on univariate QR models. The practical imple-
mentation is simple and based on standard univariate QR estimation. We then
establish the limiting asymptotic properties of the estimator. In particular, the
estimated coefficients’ properties are studied based on linear QR asymptotic
properties using the Bahadur representation with generated regressors.

A natural question is: when are such models of interest? The MQR model
is of interest for any case where the empirical researcher is interested in eval-
uating the (marginal) impact of covariates on the joint distribution of random
variables. An important application involves treatment effect analyses of mul-
tivariate continuous outcomes, such as the effect of a drug on multiple health
variables. Moreover, this is of interest for economic models that involve trade-
offs of outcome variables. Consider the following examples from the economics
literature.

Monetary policy. Suppose the central bank (e.g., the Federal Reserve) models
the joint behavior of three variables: (r,y,p), where r is the policy interest rate,
y represents GDP (level, growth, or output gap), and p is inflation. The central
bank typically faces a trade-off between stabilizing output and inflation, the
so-called Phillips curve relationship linking both variables. In this context, it is
important to model ”good” or "bad” scenarios—e.g., both inflation and output
are unusually high or low by examining joint probability quantiles. The MQR
allows to evaluate the effect of a change in r on the joint distribution of (y, p),
thus evaluating heterogeneity in monetary policy.



Figure 1: Univariate case
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Exchange rate pass-through. A government may consider a model with
(e,y,p), where e is the change in the exchange rate (depreciation/appreciation),
y again denotes GDP, and p is inflation. The policymaker’s goal might be to
understand how extreme movements in the exchange rate jointly affect output
and inflation. Here again, MQR can be used to analyze tail behavior and policy
trade-offs.

The remainder of the paper is organized as follows. Section 2 introduces
the bivariate model and highlights the core intuition behind the proposed ap-
proach. Section 3 extends the framework to the general multivariate case. Sec-
tion 4 discusses how the proposed method compares with existing approaches
to multivariate quantile modeling. Section 6 presents an empirical application
to exchange rate pass-through in Argentina. Finally, Section 7 offers concluding
remarks. Mathematical proofs are gathered in the Appendix.

2 Motivation and the bivariate case

2.1 The unconditional case

Consider a univariate random variable Y with domain )V C R and conditional
distribution function (CDF) F(y) := P(Y < y). Then, the 7-th quantile for
7 € (0,1) is defined as Q- (Y) :=inf{y € Y : 7 < F(y)}. Note that if F(-) is
continuous, then Q,(Y) = F~!(7). For many cases, the quantile is assumed to
be unique, and as such it is well defined. Figure 1 illustrates the basic statistical
concepts.

However, for a multivariate random variable, say ¥ = (Y1, Y2) with domain
Y CR?Y inf{y € Y:7 < F(y)} is (in general) not unique. Quantiles are
themselves then defined on regions, contours and depths (Hallin and Konen,
2024). Consider the following definition



Figure 2: Two points representing quantile 7. P(Y; < ¢1,Y2 < @q2) =7

Y

Y1

Definition 1. A quantile on the bivariate domain is any pair (q1,q2) such that
PY1<q,Ya<q)=r.

Figure 2 plots the contour plot for the probability density function (PDF) of
a bivariate distribution and adds two points that correspond to the same quantile
7. Figure 3 plots the same contour plot but considers the curves corresponding
to two different 7’s.

For motivation, we develop the idea for the bivariate case, its extension
for general multivariate cases is presented in the next section. First, we are
interested in a model for a given quantile 7 as in Figures 2 and 3. Second, the
main idea follows from the standard definition of joint probability,

P(Y1 <q],Y2 <q3) = P(Yo < g3|Y1 < q])P(Y1 < qf). (1)

This simply means that for any given 7 on the left-hand side of (1), there
are two possible quantile indices (i.e. probabilities) such that

T =T2171,

where 71 = P(Y7 < ¢]) represents a quantile on the marginal distribution of
Y1 (which is not necessarily 7, but Q, (Y1), the 71 quantile of Y1), and 75, =
P(Yz < g3]Y1 < ¢f) with g3 is the 751-quantile of the conditional distribution
of Y5|(Y1 < ¢f). Here (¢7,43) is a graph or curve rather than a point estimate,
as illustrated in Figure 2.

Equation (1) contains two important features. First, it decomposes the joint
CDF, which defines the multivariate quantile, into two univariate CDF's, which
are associated with simple univariate quantiles. Second, for a given quantile 7



Figure 3: Two contour lines for 7 < 7/
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of interest for the multivariate case, we can find the quantities ¢] and ¢ where
each is associated with a univariate quantile, that is 75; and 71, respectively.
Note that we require 71 > 7 and 731 = 7/72. The reverse is, of course, also
true where we condition on Y5 first and then we consider the model for Y3
conditioning on Y>. For this case we would use 7 = 7y|272. This implies that the
univariate quantiles could be implemented by a particular order or permutation,
1 — 2 and 2 — 1. The next example illustrates the decomposition of a bivariate
case into univariate, as well as the corresponding choice of quantile parameters.

Example 1. Consider a simple example of a bivariate normal distribution,

Y- ~ ; 2 ;
2 M2 pPoO102 o5

where: 1, e are the means of Y1 and Ys, 0‘% and 0‘% are the variances of Yy
and Ys, p is the correlation between Y1 and Ys. The conditional distribution of
Y5 given Y1 = y1 follows a normal distribution:

g
Yo | Yi=y ~ N <M2 + ;2/)(2/1 —p), (1— Pz)Ug) .
1

Then we fiz quantile 71 and calculate this quantile, ¢i*, of Y1 as q¢i* = 1 +
01V2d71 (211 — 1) where ®() is the univariate standard normal cdf. Next, we



are able to write the conditional distribution Y2|Y1 = ¢i* as
o[ i=q' ~ N (uz + %p(QF — ), (1 - p2)0§>
=N <u2 + Z—jp (m +01V207 (2 — 1) — m) (1= p2)a§)
=N (MQ + 02pV207 (27 — 1), (1 - 02)03) :
Finally, we are able to compute the To-quantile of Ya|Y1 = q1* as
[uz + o9pV207 (21 — 1)} + ((1=p*)03) V2871275 — 1),

We now seek the distribution of Ya given that Y1 < qi*. This conditional
distribution is still Gaussian but truncated, from which the quantile 5, can be
obtained, say q;'l. The parameters of this distribution are as follows. (i) The
conditional mean is iy, 1y, <qn = p2 + ZZ2EM[Y1 < qf'] — p1, and (i) the
¢<<1I1 *m)
. . . 2 _ 2 2 a1 .
conditional variance is Tylvi<all = o5(1—p*)|1— W , where ¢ is

o1
the standard normal pdf.

Finally for any 7 € (0,1), if we take 71 > 7 and 91 = 7/T1, we can use
the truncated distribution above to solve for the T-multivariate quantile graph

T2|1

(§f=a1"65 =q5").

2.2 The regression case

Now we extend the previous ideas to a conditional model in which we have
covariates. The main object of interest in this paper is to compute the partial
effect of a regressor on the multivariate conditional quantile function.

Consider a k-dimensional vector of regressors X with domain in X C R¥,
which represents the explanatory or control variables. The main goal is to
obtain the effects of a marginal change in covariates, as for example in Figure
4. Note that distribution function-quantile curves can cross each other. That
is, the covariates may have many different effects on the bivariate distribution
function, and thus on the corresponding estimated quantile curves.

Consider the following extension of (1) to the conditional probability case

P(Y1 < ¢f,Yz < g5|X) = P(Y2 < 3|1 < ¢f, X)P(Y1 < ¢]|X).
The bivariate quantile map of interest is
Q7%= (q1,42) : X x [0,1] = Y,

and corresponds to our proposed definition of multivariate quantile regression
(MQR).

Thus, to obtain the 7-quantile bivariate QR model using the permutation
1 — 2, we consider the following procedure for a grid of 7 € (7,1):



Figure 4: Effects of a change in X from z to 2’
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1. Estimate the univariate QR model for ¢] (X) := Q, (Y1|X) = 81(m1)X for
a given 71 € (7,1). This is a standard conditional QR model.

2. Estimate the univariate quantile regression model for ¢7, (X) := Qr,, (Y2[¥1 <

qi (X), X) = Ba1(72)1)X for 75y = 7/71. This is a standard conditional
QR model for all observations that satisfy Y7 < ¢] (X).

2’ An alternative numerically equivalent step 2 is to use the “generated
regressor” D™ := (Y] < ¢](X)). That is, qgll(X) = Bop(rop) DT X
are the first components in Q,, (Y2|Y1 < ¢f(X), X) = Baj1(72)1) D™ X +
B3y (r2p)(1 = D™)X.

Step 2 and Step 2" above deliver the exact same parameter estimator for 391 (72)1)-
The latter has the advantage that the asymptotic theory can be developed using
two-step M-estimator models for generated regressors.

This delivers B'72(7) = [B1(7) " == (1) T, Ba(T) T := 52‘1(72|1)T]T, where
T denotes the transpose. Then, the quantile graph is given by B . (T)X of the
form

QX 7) = (4] (X), 431 (X)) -

A similar exercise can be developed for the other case, 2 — 1, using 7 €
(1,1) to obtain B>7! (1) = [B1(1)" = Bija(r1)2) ", B2(7) " = B2(m2) "] and
Q?7Y(X, 7). It should be noted that both permutation procedures deliver alter-
native estimates of the same bivariate model. The choice of which permutation
to use can be based on a selection of the most appropriate specification, which
in the end is similar to a Cholesky decomposition in time-series models.



To illustrate, consider the following simulation exercises for a bivariate dis-
tribution (Y7, Y5):

Y, = 610 + 511X + (1 + Ol1|X|)51,
Y = Bao + 21X + 721 Y1 + (1 + ag| X|)ea.

Here we assume that X, ¢; and e are independent N (0, 1), 810 = B11 = B20 =
B21 = 721 = 1. Then, conditional on X we obtain a bivariate normal distribution
of (Yl, YQ)

We consider two different simulations for n = 1000 in Figures 5a and 5b for
7 = 0.25. We use a quantile grid of 0.01 spacing and plot the estimated quantile
curves for both conditioning models. In each figure the blue dots correspond
to the estimation with 75 first (2 — 1 permutation), and the red ones to those
starting with 71 (1 — 2 permutation).

The first one uses a1 = as = 0 and it corresponds to location shifts of the
covariate X in each variable. The second one uses ay = a9 = 1 and it is a
location-scale shift model in both variables. Figures 5a and5b present the quan-
tile curves estimation for X = 1 for the first and second cases above, together
with a random draw of 10,000 of the corresponding bivariate normal distribution
for a fixed value of covariate, with the points that satisfy the quantile condition.



Figure 5: Comparison of estimation and simulation for bivariate models: (a)
location shift only, and (b) location-scale shift.

© J@2->1
®1->2

y1

(a) Estimation and simulation for location
shift only bivariate model. X =1

y1

(b) Estimation and simulation for
location-scale shift bivariate model.
X=1

Note that both models deliver a good approximation to the effect of bivariate
quantile graph of level 7 = 0.25 for X = 1. However, the specification 1 — 2
works better as the linear specification is more appropriate.

3 The general multivariate model

3.1 The model

Consider an m-dimensional process Y = (Y1, ..., Ym)T, with domain in ) C R™,
representing the endogenous variables. Additionally, consider a k-dimensional
process X with domain in X C R¥, which represents the explanatory or control
variables.

Of particular interest is the case where the covariates are generated by the
o-field generated by {Y;,s < t} and all other available information at time ¢,
denoted by F;. In this scenario, the model becomes a quantile autoregressive
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regression model (VARQ) as in Montes-Rojas (2019). For an autoregressive
model of order p, the process X;_; is defined as X; = [1,Y,[ |, Y,T,, ... 7Yt—fp]—'_,
where k = m X p.

The main goal is to obtain a conditional model for Y| X that delivers a semi-
parametric model for the conditional multivariate quantile regression (MQR).

Definition 2. Quantiles are analyzed in terms of the multivariate linear regres-
s50M

T=P[Y1 < XB1(7),Ys < XB2(T), o, Yy < XBi(T)|X], 7€ (0,1), (2)

where B;(7), for j =1,2,...,m, are the corresponding k x 1 coefficient vectors
for the j-th element of Y. Define

QYIX(T|X) = [qI(X),...,q%(X)]T = BT(T)XT’ TE (0’ 1)) (3)

where qf (X) = XB;(1) and B(1) = [Bi(7), Ba(T), -, Bm(T)] is a vector of
coefficients of size k x m. The quantile graph Q(X,7) is defined as Q : X X
(0,1) — Y, and corresponds to our proposed definition of multivariate quantile
regression (MQR).

The MQR estimates require an order or permutation among the endogenous
variables for implementation. In particular, there are m! possibilities to map
the MQR models, and potentially all should be used to get the MQR. (For the
binary case there are only 2! = 2 possibilities, 1 — 2 and 2 — 1.) Let (p) denote
a given permutation. For notation purposes, we do not index all parameters by
(p) in what follows.

Given a permutation (p), the sequential conditioning probability formula is

=T, P (N, (Y < g (X)) AL (Vi < g(X)), X) P(Yi < g[(X)[X), (4)

where g7 (X) := XB;(7). Then, we need to consider a sequence of univariate
QR models {71, 721, T5/(1,2); -+ Tim|(1,2,....,m—1)} that satisfy the sequence of re-
strictions 7y € (7, 1), o1 € (7/71,1), T3)(1,2) € (T/(T17211), 1)5 ooy Tinj(1,.cm—1) €
(T/(T172)1 Tm—1)1,2,....,m—2)), 1). For simplicity, in what follows, we label this
vector as (71,72, ..., Tm—1, Tm ), and the permutation order is omitted. Moreover,
this sequence must satisfy 7 = %2, 7; in all cases.

3.2 A sequential MQR estimator

For a given permutation (p) and for each j = 2,...,m, define dj; = Ify;; <
q;" (x;)]. Moreover also for j = 2,...,m, define

wj; = {(di, d2s, .., dj—15) | dis, dai, ..., dj—1; € {0,1}},

that is, all the possible conditioning restrictions. Now define zj; := (z; ® wj;).
For variable 1 let zq; := x;. Note that the dimensions of z; are k; := k X 201,
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The variables d used to construct w in z are themselves generated regressors.
Define Z;; as the regressors generated by interacting all the possible combina-
tions of dp; = I(yn; < 2;LiBZ(Th)) and (1 — CZ,”-) for h =1,2,...,5 — 1 with z;,
and the B,J{ estimators being defined next.

Then, the estimator of the j-th equation of the MQR model is given by the

QR model for 7; defined by

n
B (1j) == arg ;élﬂiﬁﬂll tzzl pr(yji — 25i8), (5)
where p,(u) := u{r — I(u < 0)}. Define B*(7) = (B (11) 7, .., B (7)) " as
the collection of all QR coefficients and B (7) its estimator.

The first k elements in the k; x 1 vector B;‘ (7j) are the MQR coefficients for
the j-th component (i.e., the ones that correspond to the conditioning restric-
tions). Call this estimator Bj (75). Note that we do not have the same covariates
for all 7 = 1,2,...,m endogenous variables, and this varies depending on the
permutation used to estimate the MQR. Moreover, this is a sequential estima-
tor, where for each j equation the previous m — j models where estimated (for
the mth equation no previous model was used).

Definition 3. The 7-MQR coefficients are given by the first k elements of
the QR coefficients obtained from (5), B(t) = [B1(71),...,Bm(mm)]|, where
T = II7L,7j. Moreover, the estimated quantile graph is given by QX, 1) =
BT(r)XT.

3.3 Asymptotic properties of the MQR estimator

In this subsection, we derive the limiting distribution of the sequential MQR es-
timator. To this end, we consider first the limiting distribution of the estimators
3]» (rj) over T € (0,1) for all, j = 1,2, ..., m, as defined previously, assuming that
the conditioning process that generates the covariates z;; is known and based
on the true quantile function. Then, we evaluate the impact of the generated
regressors Zj;.

Here we impose the following regularity conditions.

Assumption 1. The following conditions apply:

(A1) {(y1isY2iy ey Ymi-xi), @ = 1,2,.. 321 is a random sample of independent
vectors that satisfies E[||(yi, z:)||?] < oo for some ¢ > 2.

(A2) Forall j =1,2,...,m, let Fj(-|z) denote the conditional distribution func-
tion of uj; = yj;i — Zjiﬁ;-r(Tj) given zj; = z, for all j =1,2,...,m. Assume
that F;(-|z) has a Lebesque density f;(-|z) such that

(i) |f;(|1z)] < C} on the support of (y;,z;) for some constant 0 < Cy <
0.
(1) 1f5(l2) = fi(y2l2)| = 0 as [y1 — y2| = 0 for each fived =.
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(iii) Assume that Fy ., the joint distribution function of (Y1, ..., Y )|X
conditional on X, is absolutely continuously differentiable on all its
arguments in the entire domain ). All its derivatives are dominated
by the same finite constant Cy as in (i).

(A3) Forallj=1,2,...,m, there exist an open set T* C (0,1) with T* D T such
that for each T € T*, and for all j = 1,2, ..., m, there exists a unique vector
,6’; (1) € R¥ that solves the equation E[(1T — I{y;; < zﬂB;r(T)})z]—';] =0.

(A4) For all j =1,2,...,m, define the matrices

. I~ 1 .
Qg = plzmn_,oog szizji, i=12...,m,

i=1

. BN .
Qlj(Tj) = plzmn_)ooﬁ ZfJ(O|Zﬂ)Z]TZZJ“ ] = 1,2, ey M
i=1
Assume that Qo; is positive definite, and Q;1(7;) is positive definite for
each T €T.

These conditions are standard in the QR literature. Condition Al is a ran-
dom sample assumption. This includes iid as special case. The analysis that
follows also works for strict stationary and S-mixing as in Galvao, Kato, Montes-
Rojas, and Olmo (2014), although the derivation of the variance-covariance ma-
trix of the estimator requires further development. Condition A2 and A3 are
standard on the conditional densities and conditional moments, respectively.
Condition A3-iii is special for the multivariate analysis. Condition A4 guaran-
tees that the matrices Qg; and Q;(7;) do not degenerate for each 7 € T,

As discussed in Galvao, Kato, Montes-Rojas, and Olmo (2014), and because
of the computational property of the QR estimate — Theorem 3.1 in Koenker
and Bassett (1978) —, we can select Bj_(T]) in such a way that the path 7; —
B;_(Tj) is bounded and continuous. Therefore, we may assume that the path
T \/ﬁ{ﬁAj(Tj) - B;-F(Tj)} is bounded over 7; € T. Let £>°(T) denote the
space of all bounded functions on 7 equipped with the uniform topology, and
let (¢>°(T))* denote the k;-product space of £>°(T) equipped with the product
topology. We use the notation = for weak convergence. For a,b € R, we write
a A'b = min{a,b}.

Lemma 1. Assume that conditions (A1)-(A4) in Assumption 1 hold. Then,
for each j =1,2,....m, ,Bf(rj) admits the following Bahadur representation

Vi{Bf (1)) = B (1))} = Qlj(Tj)A% Z {75 = Ilyji < 2B (1)} 2f; + 0p(1),
- ©)

for m; € T, n — oo. Therefore, it follows that

VB () = B (1)} = T (5) 1= Q7)) "' Wy(m) im (€(T)™,  (7)
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where W;(1;) is a zero-mean, continuous Gaussian process on T with covariance
kernel
BIW;(rj)W; (1)) "] = (1 A} = 757));. (8)

J

Lemma 1 shows weak convergence uniformly over 7 of the estimator of a
single equation for the MQR model. The joint limiting distribution of the full
m-variate model of the (p) permutation can then be obtained by noting that
B(T) is constructed as the collection of the m QR coefficients corresponding
to the sequential conditioning mechanism, each containing the first k elements.
Then, from Lemma 1

Vi{B(r) = B(r)} = I'(r), (9)

where I'(7) corresponds to a subset of the joint limiting distribution of the pro-
cesses, say {I'7 (1), ..., [}t (7n)}. Note that the elements in I'(7) are in general
correlated.

Moreover, here we are particularly interested in the uniform inference across
individual 7;’s because we need m-dimensional maps of level 7 for given values
X = z. Thus, from equation (9), we have that

\/ﬁ{Q(a:,T) —Q(z,7)}:= \/H{B(T)TJ:T - B(T)Ta:T} =T(r) =", (10)

Consider now the effect of the generated regressors Z;;. For notational pur-
poses, in what follows we omit the quantile indexes (7, ..., 7, ) in the 8 coeffi-
cients whenever these are not explicitly required. From Lemma 1, we define the
influence functions for variable j QR model as

bii = Ui (Wjir 20, ), BF) = () ™" [ = Lz < 20B5)] 25
For convenience, we can write this function as
Yii = ()" {5 — Iy < 2(B5)851} 2:(87) T,
where we explicitly write the fact that the parameters

Bij = (/BT7 "'7ﬁj—1)

enter into the previous estimation of z;; (again note we omit the dependence
on the quantile indexes). Note that this is a k_; x 1 vector where k_; =
k x ka... x kj—_1. Define 1;; as the influence function evaluated at the true
parameter values, and 1_;; as the collection of the influence functions of the —j
parameters, also evaluated at the true fs.

The generated regressor involves indicator functions, which are themselves
not differentiable. As far as we know, the issue of non-differentiable generated
regressors has not been entirely solved in the literature. As an alternative, we
follow the literature (see, e.g., Horowitz (1998), Kaplan and Sun (2017) and
de Castro, Galvao, Kaplan, and Liu (2019)) and employ a smoothing mech-
anism, where we smooth the indicator function for the generated regressors.
Horowitz (1998) shows that if the bandwidth converges to zero sufficiently
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rapidly, then the estimators based on the original indicator function and those
of the smoothed version are asymptotically equivalent.! This smoothing tech-
nique applies to the conditioning dummy variables. We then consider generated
regressor theory for recursive quantile regression as in Ma and Koenker (2006)
and Chen, Galvao, and Song (2021).

Let I(-) be a smoothing alternative for the I(-) indicator function with band-
width b, (note we use the same function and bandwidth for all cases). We then
define dj; = f(yji < Zjiﬁf) = f(uji <0),j=1,2,...,m as a smoothed version of
the conditioning indicators for the generated regressors zj;, say Zj;. The latter
would allow us to take derivatives with respect to the generated regressors.

Assumption 2. The function I(-) satisfies I(u) = 0 for u < —1, I(u) =1 for
u>1, and =1 < I(u) <2 for —1 <u < 1. The derivative I'(.) is a symmetric,
bounded kernel function of order r ? 2, so fil I'(w)du = 1i filuf’(u)du =
0 for s = 1,...,7 — 1, and f_11|u’"\l(u)du < oo but f_llu’“l(u)du # 0, and
f_ll |u" I (u)du < co. The bandwidth sequence by, satisfies b, = o(n=1/(2")).
Forj=2,..,m define (i) z; = g(wj,ﬂfj), whete w; = (y—j;,x) contains all
variables used in the construction of z; and using I(-) in place of the indicator
function; (i) z; = g* (wj,ﬁfj) where we replace the corresponding distribution
functions in Assumption 1-A2 in place of the indicator functions, that is, I(y;; <
Eﬂﬂj) is replaced by Fj (yjifzjiﬂﬂzji), Further define Gij =V g+ g(wj;, ﬂ'_"j)T
—J
and G7; = Vﬁjg*(wﬁ,ﬁfj)T. We assume that for any dominated function

P(wy),

LS p(wy)Gis B Blo(w;) G, n— oo, (11)

nb
noi=1

Then, the asymptotic distribution of the MQR estimators can be obtained
as follows.

Theorem 1. Consider Assumptions 1-2. Then, for j = 1,...,m, the esti-

mators B;r are consistent and asymptotically normal, i.e., \/ﬁ(ﬁf — ﬁ;r) &

Normal(Ox,;,V;)} as n — oo where V; is the variance-covariance matriz that
takes into account the generated regressor effect.

The theorem above uses independent processes but it can be extended to
time-series dependent data. In particular, Galvao, Kato, Montes-Rojas, and
Olmo (2014) has a similar representation to Lemma 1 assuming that in Assump-
tion 1-A1 (Y14, Y2iy oy Ymi-Zs), © = 1,2, ...}, is strict stationary and S-mixing
with B-mixing coefficients satisfying (1) = O(I7*) with A\ > ¢/(¢ — 2), where

L Another alternative is to implement it using estimating functions also with smoothing
mechanisms as in Kaplan and Sun (2017) and de Castro, Galvao, Kaplan, and Liu (2019),
and then to implement the sequential estimator as a generalized method of moments one.
This would be based on the first order conditions derived from the QR set-up, and also on a
smoothed version of the conditioning indicators for the generated regressors zj;.
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¢ > 2 satisfies E[||(yi,z:)||?] < oo for some ¢ > 2. As such the Bahadur repre-
sentation follows and consistency and asymptotic normality can be applied as
in Theorem 1. However, the variance-covariance formula needs to be changed
to dependent data.

Estimation of Vj involves estimating a convoluted formula based on the joint
distribution of Y7, ...,Y;|X. Similar to QR inference procedures, it requires to
compute densities, which are cumbersome for multivariate case. Then, boot-
strap methods provide a useful alternative and whose validity is similar to that
required for QR analysis.

Example 2. In order to visualize the form of influence function for this esti-
mator consider the bivariate case, i.e. (Y1,Y3). Consider the 1 — 2 order and
one covariate x. Here we first estimate the QR model for Y1, and then we need
to estimate the model for Yo on the restricted sample. In the derivation below
we omit the conditioning on X = x to simplify notation.

For By the asymptotic distribution can be obtained from the standard uni-
variate QR Bahadur representation with influence function ;. Now for 35 , we
need to consider the modified influence function taking into account the previous
estimation. In an heuristic way, the adjusted influence function can be obtained
from two-step M-estimator formula (see, for instance, Wooldridge (2010), chap-
ter 12) which is of the form 1o, + Vg, Eftha;] X 115, where 1, is the influence
function for By and where we have interchanged expectation and derivative.
Thus, we need to compute V g, E[1);].

In particular,

Voi = Qo(72) "1 (12 = I(y2i < Bl (y1i < Prwi)m; + By (1 — I(y1; < Brxi))zi))
(I(y1s < Brxi) .
(1= I(y1s < Bry)) |7

Here we are using the notation B; = (B2, 85 ), that is, Bz are the coefficients
associated with conditioning case we need for the MQR model, i.e. (I(y1; <
Bix;) and By with the complement, (1 — I(y1; < f1x;)).

Now, E[;] can be obtained by the law of iterated expectations by condition-
ing on (I(y1; < Prz;) and (1 —I(y1; < Brz;)) and multiplying by the probability
of those events, respectively, also conditioning on X and then integrating. Thus,

Elpy] = Qa(r2) 7 (12 — Pl(y2i < Bowy)|(y1s < Bri)]) i

x Pl(y1: < Brxi)]

+ Qa(72) 7" (72 = Pl(y2i < By i)l (yi > Brai)]) @

X Pl(y1; > Pri)]
= Oy (m2) (o1 (Brzs) — Fra(Bizs, Boxs)) mi

+ Qo) ! (r2(1 = Fy(Br2;)) — [Fi(Brzi) — Fra(Bras, By 44)]) ;.

In the derivation above we used

Pl(y1i < prxi)] = Fi(Brwi),

X
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Pl(y2i < Boxi)|(y1: < Brxi), X = 2] P[(y1s < fras)| X = 3] = Pl(y2i < Bai), (y1s < frzs)]
= Fia(fras, Bai),

and

Pl(y2i < By zi)|(y1: > br2:)|P(y1s > Brzi)| = Fi(Brxs) — Fia(Brxs, By 24).

Finally, we obtain
Vs, Elpa;] = Qo) 'E [{—flg)(ﬂll‘i, Boxi) — f1(Bixi) + fg)(ﬁwi,ﬁz_l"i)} xzsz] .

Here fl(;) denote the derivative of the joint distribution Fio with respect to the
first argument.

4 Comparison with other approaches

In Hallin, Paindaveine, and Siman (2010) the multivariate model is decomposed
into a series of univariate models. Quantiles are analyzed in terms of a magnitude

and a direction. We define T' = (71, 72,...,7m) € (0,1)™ as a set of quantile
indices. The vector T can be factorized as T = 7v, where 7 = ||T|| € (0,1)
represents the magnitude, and v € V™1 = {v € R™ : |[v|| = 1} represents the
direction.

In this framework, 7 is a scalar quantile index that specifies the position
along the distribution, while v is a unit vector that determines the direction
in the m-dimensional space. This vector can be interpreted as an (m — 1)-
dimensional directional component that captures how quantile changes unfold
across variables. This decomposition allows for an intuitive and geometric inter-
pretation of multivariate quantiles in terms of distance and orientation within
the variable space.

Vector Directional Quantiles (VDQ) are defined using the model

Q:(v'y | Ty, x) =Tyyy(v,7) + 2B(v, 7),

where T'} is an orthonormal basis of the subspace orthogonal to v. This formu-
lation captures the conditional quantile of the projection of y along the direction
v, given the orthogonal components of y and covariates . VDQ offers a powerful
generalization of univariate quantiles, enabling the study of directional effects
and distributional asymmetries in multivariate settings.

An alternative method is vector quantile regression (VQR) of Chernozhukov,
Galichon, Hallin, and Henry (2015) and Carlier, Chernozhukov, and Galichon
(2016, 2017). They develop a linear vector quantile regression framework that
defines a quantile map Q(X,T), where T' = (71, ..., Tsn) € (0,1)™ as the gradient
of a convex function, yielding a monotone mapping in the sense that (Q(X,T) —
QX,T) (T -T") > 0.

Our proposed method differs from previous ones in several dimensions. First,
it proposes a unique 7-level QR coefficients interpretation, that is common in
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Figure 6: Vector directional quantile

Y2

Y1

all vector directions. The quantile index corresponds to the joint multivariate
distribution. This is of interest to researchers interested in the lower-tail real-
izations in the multivariate space. Second, it delivers a m-dimensional quantile
graph. Third, asymptotic properties are based on univariate QR analysis with
generated regressors.

5 Monte Carlo

We consider data generating processes similar to the one used in Section 2. Take
the bivariate model for (Y7, Y>):

Yi = B+ uX+ 1+ ai|X|)er,
Yo = Boo+ X +721Y1 + (1 + az|X])es.

Here we assume that X, €1 and e are independent N(0,1), 819 = f11 = P20 =
B21 = 21 = 1. Then, conditional on X we obtain a bivariate normal distribution
of (Yl, Yg)

We consider two cases, one for the location shift model, a; = as = 0, in
Table 1, and one for the location-scale shift model, &y = as = 1, in Table
2. We evaluate the experiments for the conditional model of X = 1 and for
both orders 1 — 2 and 2 — 1. Moreover, we examine the quantile models of
7 € {0.25,0.50,0.75} and n € {100, 200,500,1000}. For each case we consider
1000 Monte Carlo replications.

The performance of the estimators is analyzed in terms of the estimated
quantile graph. In particular, for each element of the estimated graph (4 (xz =
1),42(x = 1)), say h = 1,..., H, we compute the average probability p =
LS P(Vi < G7(X =1,h))&(Ya < G3(X = 1,h))] and compare it with the
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Table 1: Results for oy = as =0

n T bias1—+2 wvarl—2 msel—2 bias2—1 var2—1 msel—2
100 0.25 -0.0180 0.0039 0.0042 0.0226 0.0035 0.0040
200 0.25 -0.0213 0.0021 0.0026 0.0208 0.0018 0.0023
500 0.25 -0.0217 0.0008 0.0013 0.0200 0.0007 0.0011

1000 0.25 -0.0229 0.0004 0.0009 0.0196 0.0003 0.0007
100 0.50 -0.0299 0.0059 0.0068 0.0109 0.0047 0.0049
200 0.50 -0.0301 0.0031 0.0040 0.0118 0.0024 0.0026
500 0.50 -0.0267 0.0012 0.0019 0.0145 0.0009 0.0011

1000 0.50 -0.0259 0.0006 0.0013 0.0152 0.0005 0.0007
100 0.75 -0.0310 0.0050 0.0060 -0.0054 0.0036 0.0037
200 0.75 -0.0221 0.0025 0.0030 -0.0008 0.0018 0.0018
500 0.75 -0.0173 0.0009 0.0012 0.0040 0.0007 0.0007

1000 0.75 -0.0149 0.0005 0.0007 0.0058 0.0004 0.0004

theoretical 7. Then we report bias, variance, and mean squared error (MSE) of
p.

The results show that the performance of the estimators improves as the
sample size n increases, with reductions in both variance and MSE. For both
settings of a3 = g = 0 and a1 = as = 1, bias is generally small and decreases
as the sample size increases. However, bias is more pronounced in the case of
a1 = ag = 1, especially for smaller sample sizes, indicating a more complex
structure that affects the estimator’s performance. Variance is consistently re-
duced with larger sample sizes, and MSE also shows a clear pattern of reduction
with increasing n. Moreover, higher quantiles, such as 7 = 0.75, show higher
MSE, particularly for smaller sample sizes, highlighting the difficulty in accu-
rately estimating higher quantiles with limited data (i.e., the larger 7 is, there
will be less quantile indexes to be used for the first variable in the ordering).

In general, estimators perform better at smaller quantiles (7 = 0.25 and
7 = 0.50), where both bias and MSE are lower compared to larger quantiles.
For the case a; = as = 0, the estimators exhibit minimal bias and MSE across
sample sizes, with variance decreasing steadily as n increases. In contrast, for
a1 = ag = 1, the bias and MSE are higher, especially for smaller sample sizes
and larger quantiles, reflecting the added complexity introduced by non-zero «
parameters.
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Table 2: Results for a1 = as =1

n T bias1—+2 wvarl—2 msel—2 bias2—1 var2—1 msel—2
100 0.25 0.0103 0.0040 0.0041 0.0380 0.0037 0.0051
200 0.25 0.0070 0.0021 0.0022 0.0364 0.0020 0.0033
500 0.25 0.0065 0.0008 0.0008 0.0359 0.0007 0.0020

1000 0.25 0.0054 0.0004 0.0004 0.0354 0.0004 0.0016
100 0.50 -0.0600 0.0052 0.0088 -0.0288 0.0045 0.0053
200 0.50 -0.0606 0.0027 0.0063 -0.0284 0.0023 0.0031
500 0.50 -0.0574 0.0010 0.0042 -0.0261 0.0008 0.0015

1000 0.50 -0.0579 0.0006 0.0039 -0.0257 0.0004 0.0011
100 0.75 -0.1019 0.0059 0.0163 -0.0724 0.0045 0.0097
200 0.75 -0.0934 0.0029 0.0116 -0.0681 0.0023 0.0069
500 0.75 -0.0901 0.0011 0.0092 -0.0640 0.0009 0.0050

1000 0.75 -0.0875 0.0006 0.0083 -0.0627 0.0005 0.0044

6 Empirical application: Pass-through in Ar-
gentina 2004-2024

6.1 Pass-through for dollarized economies

The coefficient or elasticity of exchange rate pass-through (ERPT) to domes-
tic prices—hereafter referred to as pass-through—measures the extent to which
changes in the exchange rate (ER) are transmitted to domestic prices. In the
case of Argentina, a high-inflation economy where the U.S. dollar serves as the
primary currency of reference (i.e., a dollarized or bimonetary economy), under-
standing the magnitude and persistence of ERPT is central to macroeconomic
analysis. Beyond its effect on prices, ERPT is also critical due to its implications
for output. Periods of economic expansion tend to generate increased demand
for foreign currency, whether for imports or for saving in foreign-denominated
assets. This demand imposes a binding external constraint—a phenomenon
commonly referred to as stop-and-go dynamics.

Pass-through effects are traditionally estimated using vector autoregression
(VAR) models with ordinary least squares (OLS), accompanied by impulse re-
sponse function (IRF) analysis based on conditional means. However, such
approaches are limited in their ability to capture asymmetric and heteroge-
neous dynamic responses, which are frequently observed in ERPT, particularly
in emerging and developing economies. Nonlinear models are combined with
VAR-OLS analysis.

A well-documented feature of ERPT in these economies is the presence of
substantial asymmetries and heterogeneity—both across countries and across
different time periods within the same country. These characteristics underscore
the need for more flexible empirical strategies that can account for variation in
the transmission of ER, shocks.
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We consider monthly data from Argentina, January 2004 to December 2024.
Constructing consistent macroeconomic series for Argentina, particularly during
the 20072015 period, poses a well-known challenge due to issues with official
statistics.

First, during those years, the official statistical agency—INDEC (Instituto
Nacional de Estadisticas y Censos)—was widely regarded as having manipu-
lated inflation data to under report consumer price increases. Consequently,
the consumer price index (CPI) must be constructed from alternative sources.
Indeed, the IMF does not report Argentine CPI for this period. The procedure
we adopt is as follows: we use INDEC data for January 2004 to December 2006,
the CPI from the Ciudad Auténoma de Buenos Aires for January 2007 to May
2016, and again INDEC data from June 2016 to December 2018.

Second, Argentina implemented ER controls during two periods: 2011-2015
and 2019-2023. In both cases, the relevant rate was the official exchange rate
applied to imports and exports. We use the monthly average of this rate as
reported by the Central Bank of Argentina, available at http://www.bcra.
gov.ar/pdfs/operaciones/com3500.x1s.

Third, for output, we rely on the industrial production index published by
INDEC—specifically, the Estimador Mensual de Actividad Econémica (EMAE),
which is seasonally adjusted. Importantly, this series is not considered to have
been manipulated during the 2007-2015 period.

A stylized narrative of Argentine macroeconomic dynamics over this period
is as follows. Between 2004 and 2009, the economy experienced sustained high
growth and moderate inflation. From 2007 onward, inflation began to rise,
closely tracking movements in the exchange rate. The exchange rate was actively
used as a policy tool to anchor prices; periods of stability were often followed by
sharp devaluations, typically triggered by speculative attacks on the peso. After
a period of strong growth (2004-2011), output stagnated in 2012. Argentina
entered a debt crisis in May 2018, which was soon compounded by the COVID-
19 recession. Since 2018, the country has experienced persistent high inflation
and continued currency depreciation.

Figure 7 plots the log-difference series of the key variables.

6.2 Econometric analysis

For further reference, let y be the output growth measure, without seasonality, p
be the inflation rate calculated as the monthly first difference of the logarithm of
the CPI, e monthly first difference of the logarithm of the exchange rate. In all
cases, unit-root tests applied to these transformed series are rejected and thus
they are stationary. Using the Bayesian information criterion for the VAR-OLS
model for the three variables we use a model with one lag.

The typical procedure used in VAR models to identify shocks is to impose
an ordering for the Cholesky decomposition. Output y is assumed to have a
contemporaneous effect on the other variables in the system, p and e, while
the opposite does not occur. p contemporaneously affects e but not y. Finally,
e has no contemporaneous effects on y and p. This model implies that the
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Figure 7: Log First Differences of CPI, EMAE, and official ER

0.6
Series

—— log_diff_emae

— log_diff_ipc

— log_diff_tcn

0.4

0.2

Log Difference

0.0

2005 2010 2015 2020 2025
Date

exchange rate is the nominal variable that adjusts first, then prices, and finally
output. This ordering is consistent with the effect of devaluations in Argentina:
when there is an exchange rate devaluation, prices and output take some time to
adjust. Moreover, the official ER is managed by the government to some extent.
The MQR model is estimated for a bivariate model 7 using (7, 7,) € (0,1)? that
satisfy the sequential conditioning restriction with a set of control variables

Ty = (€4, Ye—1,Pt—1, €—1).
Consider the order y — p. For this case, 7, € (7,1) and 7, = 7/7, and the
QR models are:

qg%p(mt) = er{yt|6t, (Ye—1,Pt—1,€1-1)} =
Byo(Ty) + Bye(my)er + Byy—1(Ty)yt—1 + Byp—1(7y)pt—1 + Bye—1(Ty)€1-1,
q,%ﬁ”(xt) = Q- {peles, Wi—1,pi—1,€-1), e < q;’%p(ilft)} =
Ily: < ¢V7P(24)] X
(Bpo(1p) + Bpe(Tp)er + Boy—1(Tp)yt—1 + Bpp—1(Tp)Pt—1 + Bpe—1(Tp)et—1)
+ (1= Iy < ¢?7P(x)]) %
(Bp_ (7p) + IBp_e(TP)et + ﬁ;y—l(Tp)yt—l + Bp_p—l(Tp)pt_l + 6;:;—1(7'17)675—1) .
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For this case, 7, € (7,1) and 7, = 7/7,, and the QR models are:

qﬁ“’(l’t) = Q‘rp{pt|eta (Yt—1,Dt—1,€0-1)} =

Bpo(Tp) + Bpe(Tp)et + Bpy—1(Tp)yt—1 + Bpp—1(7p)Pt—1 + Bpe—1(7p)et—1,
a7 (@) = Qr, {yeles, We—1,pe—1,e0-1), 00 < g7V (20)} =

Ipr < "7 ()] X

(ByO(Ty) + Bye(Ty)et + ﬂyy—l(Ty)yt—l + 6yp—1(7-y)pt—1 + Bye—l(Ty)et—l) y
+ (1= I[pe < g7 (xy)])x

(Byo(Ty) + Bye(my)er + By 1 (Ty)ye—1 + Byp—1 (1y)pt—1 + 5;671(77;)@#1) .

Note that in these models, s+ = (37,57 T)T.

We estimate the effect of ERPT within the same month as the devaluation
by considering two distinct magnitudes of depreciation: Ar = 0.1 and Ar = 0.2,
corresponding to 10% and 20% currency depreciation, respectively. The lagged
values of the control variables are fixed at their historical averages to isolate the
contemporaneous effect of the shock.

Our analysis focuses first on the joint distribution of the variables (y,p)
and (y,—p), where y denotes output growth and p represents inflation. The
(y,p) specification captures scenarios with lower output growth and/or lower
inflation, while the (y, —p) configuration highlights cases of lower output growth
and/or higher inflation, which are particularly relevant for policy evaluation. In
this alternative specification, —p is interpreted as deflation and thus has the
opposite sign of inflation—more negative values of —p imply higher inflation.
Consequently, in the (y, —p) space, worse inflation scenarios appear further to
the left on the horizontal axis.

To estimate the conditional quantile response, we compute the marginal
models over a fine quantile grid with a spacing of 0.01. For visualization and
interpretation, we fit a linear regression model of g2 on ¢; and 1/¢;.

Figures 8a and 8b display the estimated quantile graphs for a fixed quantile
7 = 0.25. In both cases, there is a clear impact of an ER devaluation: it in-
creases the likelihood of high-inflation scenarios. Moreover, larger devaluations
are associated with a worsening of output-inflation trade-offs, leading to more
adverse combinations of lower output and higher inflation (or reduced deflation).
Both figures illustrate the asymmetric impact of an ER devaluation. Notably,
the rightward shift in the second graph is approximately twice as large as in the
first. This suggests that adverse inflation scenarios are more strongly affected
by a devaluation than favorable ones. In other words, the likelihood and in-
tensity of high-inflation outcomes increase disproportionately, highlighting the
nonlinear and asymmetric effects of ER shocks on inflation dynamics.

Next we consider the joint evaluation of several quantiles. Figure 9 con-
sider the cases of 7 € {0.1,0.2,0.3,0.4,0.5} for the output-inflation and output-
deflation bivariate cases. Here we report the y — p order only, similar results
are obtained with the other order. The figures illustrate how the devaluation
impacts on the joint distribution and thus how it shifts the entire distribution.
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Figure 8: 7 = 0.25 effects of exchange rate devaluation on output growth and

inflation, Ar = {0.1,0.2}.
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Figure 9: 7 = {0.10,0.20,0.30,0.40,0.50} effects of exchange rate devaluation
on output growth and inflation, r = {0.1,0.2}.
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7 Conclusion

This paper introduces a new framework for modeling multivariate quantiles
based on the multivariate distribution function, termed multivariate quantile
regression (MQR). Unlike existing methods such as directional quantiles or vec-
tor quantile regression, MQR relies on the conditional probability structure of
joint distributions to define and estimate quantile curves. By leveraging a se-
quence of univariate quantile regressions conditioned on subsets of the outcome
space, the model offers a flexible and interpretable approach to studying the
joint distributional behavior of multiple endogenous variables in response to
observed covariates.

The theoretical contribution of the paper lies in the formal development
of the MQR estimator under a sequential conditioning structure. These results
highlight the consistency and asymptotic normality of the estimator under stan-
dard regularity conditions. Furthermore, we show that multiple permutations
of the endogenous variables can be used to obtain alternative but equivalent
representations of the multivariate quantile surface, analogous to identification
schemes in structural models.

Through simulation exercises, we illustrate the finite-sample properties of the
estimator under different model specifications, including location and location-
scale shift models. The simulation results confirm the robustness of MQR across
different data-generating processes and show that the permutation order may
influence the precision of the estimates in finite samples. Importantly, both
directions of estimation yield qualitatively similar quantile surfaces, reaffirming
the estimator’s validity.

The empirical application focuses on exchange rate pass-through in Ar-
gentina, a relevant and complex case given the country’s history of high inflation,
dollarization, and external constraints. Using monthly data from 2004 to 2024,
we apply MQR to evaluate the joint response of inflation and output to changes
in the exchange rate. Our results reveal strong asymmetric effects: adverse in-
flation scenarios are more responsive to devaluation shocks than favorable ones.
This highlights the nonlinear nature of pass-through and the limitations of rely-
ing solely on mean-based or symmetric VAR models in macroeconomic analysis
for emerging markets.

In sum, the MQR approach provides a powerful tool for studying joint dis-
tributional responses in a multivariate setting. It opens the door to more nu-
anced policy analysis, particularly in environments where tail risks and asym-
metric responses are central to economic dynamics. Future research may extend
this framework to high-dimensional settings, dynamic panel structures, or time-
varying quantile systems. In addition, further empirical applications—such as
monetary policy evaluation, financial risk management, or inequality analy-
sis—could benefit from the methodological flexibility and interpretability of the
MQR model.
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Multivariate quantile regression - Proofs

Proof of Lemma 1

Proof. The result follows from an application of the uniform convergence deriva-
tions for the univariate quantile regression case in Galvao, Kato, Montes-Rojas,
and Olmo (2014). In particular, note that the conditions in Assumption 1 (A1)—
(A4) correspond to conditions (C1)—(C6) in Galvao, Kato, Montes-Rojas, and
Olmo (2014) for a linear model. Therefore, we can apply Lemma 1 and Theorem
1 of that paper, which correspond to the present lemma. O

Proof of Theorem 1

Proof. For each estimator j, by Lemma 1, the following Bahadur representation
holds

VIB] (7y) = B (1)} = Qum)—% D [mi = Iyje < 2B (1))] 25 + 0p(1):

Next, we need to adjust the Bahadur representation to consider the effect of the
previous estimation of the QR parameters.

We follow the procedure in Chen, Galvao, and Song (2021) for generated
regressors models in QR models, in particular Theorems 3.1 (consistency) and
3.2 (asymptotic normality). In particular, for each j, we take into account the
(m—7) QR coeflicients that were previously estimated, thus giving a sequential
structure. Note that all these coefficients have a similar Bahadur representation,
thus a valid known influence function.

The proof follows these two steps.

Step 1. If the generated regressors were differentiable functions, the asymtp-
totic properties are obtained by applying Ma and Koenker (2006), Lemma 2
G-inverse method for two-step recursive QR models, as in Chen, Galvao, and
Song (2021).

Step 2. These results require, however, that the generated regressor, i.e. %;,
to be differentiable with respect to ﬁfj, which is not the case. However, using
de Castro, Galvao, Kaplan, and Liu (2019) smoothing mechanism as in Assump-
tion 2 allows for taking derivatives of Z; modified regressors, i.e. V 5+, %(ﬁfj).

This derivative includes a negligible contribution of the smoothing function with
respect to the true regressor using the indicator function. This, however, given
Assumption 2 restriction on the bandwidth sequence, does not affect the asymp-
totic representation.

Step 1. Assuming éj(ﬁfj) is differentiable
To simplify notation, in what follows we omit the use of the indexes j and
—7 unless required, we use just 3 to refer to ,6’; and 0 to refer to ij. Moreover,

we assume that z; = g(wj, ij)7 where w; = (y_;, ) contains all variables used

in the construction of z;. Finally, we will use z, = g(wp,0r), h = 1,...,k; to
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refer to individual elements of z;, such that z; = (21,...,2x,). The following
lines correspond to j = 2, ..., m because for the case j = 1 there is no previously
generated regressor, and thus z; = .

Let 3 be the two-step QR with generated regressors % estimator, B be the
usual (infeasible) QR estimator with true unobservable variables, and g the true
parameter. Consider

B—B=(B-B)+(B-B). (12)
Under the standard QR conditions in Assumption 1, from Lemma 1 we have

and the following linear representation
. 1
5_32911EZ¢(% —2B)z] +o0,(1), (14)
i=1

where 9 is the function ¢(u) := 75 — I(u < 0) (here we do refer to the j case
and use 7;) and Dy = Qy;(75).

Now, by noticing that § = B(%1,--- ,24) and B = B(zl,--- ,2q), and by
expanding the first term in equation (12) § — A, we have

AT LT B2
5 ay [ 98(1) dB(7) )
Br) - B(r) = ( ol B IR BTG
L%q — %q
AT 1y g1 (wi,01) — g1(wr,61)
(0" o) | o)
62’1 ’ ’ 3zq . . P
L9q(wq, 0q) — gq(wq, 0q)
AT Ty [Veugi(w, 00)T (6, — 61)
_ (20 980) : T op(1)
621 ’ ’ 3zq : T 5 p ’
_v9ng(wq, eq) (eq - gq)
where the last equality follows from an expansion for g,(-) for h=1,--- ,q.

Now we apply Lemma 2 about G-inverse from Ma and Koenker (2006), and
obtain that for h=1,--- ,q

~ T n
(85»;?)) Vongn(wn,64)" = =Dy (,11 Zf(0|2i)5hziTV9hgh(whi,9h)T> + 0p(1)

i=1

= _D;ID?Q + Op(1)7

where

. RS
Diy = plim,,_o— > £(012:)Br2 Vo, gn(wni, )" (15)
n =1
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Here f(0|z;) is the density function for the j case as given in Assumption 1-A2.
It follows that

e [ 08()
B(r) — B(r) = (
hz:l 6Zh

(=D Dy + 0p(1) (0 — On) + 0p(1)

.
) Vo, gn(wn, 01) T (O, — 01) + 0,(1)

I
M=

>
Il
—

[~Dy Dy (01, — 03)] + 0p(1).

[
B

>
Il
—

For any h =1,--- ,q: 0, = On + 0p(1) and D! D?!, is bounded by Assumption
1, we have that —D7 "D, (0, — 605) = 0,(1). Therefore, as n — oo, we have

B—5250. (16)
Combining (13) and (16), we have
B-B=B-B+B-B >0
Consider now the following
V(B(r) = Bo(7)) = Va(B(r) = B(7)) + V/n(B(7) = Bo(7)). (17)

Under the QR conditions imposed in Assumption 1, we have that the second
term in equation (17) has the standard QR expansion as

V(B - B) = DII% S i — z8)7 + 0p(1), (18)
=1

and satisfies a Central Limit Theorem such that
5 d _ _
\/ﬁ(ﬁfﬂ)*}N(OaTj(lij)Dl 1D0D1 1)7 (19)

where we define Dy = ;.
Now, for the second term,

AT LTy [Bi—a
ﬁ(ﬁ(ﬂ@(ﬂ)ﬁ(agg’ o ) o)

. 1y [ (w,61) — g1 (wr, 61)
_ \/ﬁ<86(7) 9B ) 5 T op(1)

L9q(wq; 0q) — gq(wyq, bq)
(aB(T)T aﬁuf) Vo 0070 =0

_v9ng(qu eq)T(éq —0y)

+ 0p(1),




where the last equality follows from an expansion for g,(-) for h=1,--- ,gq.
Using the same steps as above, we have the following representation

V(B(r) = B(r) = [~Dy ' Diyv/n(6; — 6;)] + 0p(1). (20)

Jj=1

Forany h = 1,--- ,q: \/n(6, —6}) 4 N (0, V},) by recursive implementation and
D7 D?, is bounded by Assumption 1-A4, we have that — Dy ' D7,y \/n(0), —6;) 4
N(0, DT' DI, Vi DYy DTY). Let V = Asym.Var(30_, [~ Dy ' Diyy/n(0; — 6,)]),
therefore, we have that

~ A d ~
Vn(B(r) = B(1)) = N (0,V). (21)
Defining now 6, — 0, = £ 3°7 | 71(6;) 4 0,(1) as the corresponding Bahadur
representation for the parameters in the generated regressors in the above equa-
tion, we obtain that

Cou(v(B = B),v/n(B ~ B))
n q
= —D;IE{% > (i = 2B8)F(01z) D Ba(r)2 Vo, gn(wni, 0n) Tt (0n)2:} D!
i=1 h=1
= —Dy'MDy ! +0,(1)

where M = plim,, , o+ 37" {t(yi—2:8) f(0|2:) >0 _1 Brzi’ Vo, gn(whi, 0n) Trl(04)zi}-
Finally, combining the above covariance term with (19) and (21) with (17), we
obtain

V(B —B8) 3 N (0,751 =)Dy DeDy +V — 2Dy ' MDY .

Step 2. Smoothing z; (,ij)

In Step 1 we assume that previous estimation of the QR coefficients enter
the generated regressors Z; (ij) and produce a differentiable function. This is
not the case because Z; contains indicator functions.

Now consider replacing 3 by 8 and 2 by z. Here, 3 is the QR estimator where
the generated regressors have the smoothing conditions given in Assumption 2.
By the conditions in the same assumption, for all h =1, ..., q,

D}1’2 LN E[f(0|zi)ﬁhz;rG}§(whi)], n — 0o, (22)

where G7 is the h-th component of G* defined in Assumption 2.
O
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